Abstract In this paper we consider a new weak and strong forms of irresolute functions in bitopological spaces, namely, ij-quasi-irresolute functions and strongly irresolute functions. Several characterizations and basic properties of these functions are given. We investigate the relationships among some weak forms of continuity and other generalizations of continuous mappings in bitopological spaces.
Introduction
The study of bitopological spaces was first initiated by Kelly [3] and thereafter a large number of papers have been done to generalized the topological concepts to bitopological space. Irresolute mappings in bitopological spaces was defined by Mukherjee [11] . In 1991 Khedr [4] introduced and investigate a class of mappings in bitopological spaces called pairwise hirresolute mappings. Khedr [7] defined the concept of quasiirresolute mappings in these spaces and studied some of its properties. The concepts of strongly irresolute mappings in bitopological spaces was defined by Khedr in [6] and he showed that quasi-irresoluteness and semi-continuity are independent of each other.
The aim of this paper is to introduce basic properties of quasi-irresolute and strongly irresolute functions in bitopological spaces. We study these functions and some of results on s-closed spaces and semi-compact spaces in bitopological spaces. Also, we investigate the relationships among some weak forms of continuity, irresoluteness, quasi-irresoluteness and strong irresoluteness.
Throughout this paper ðX; s 1 ; s 2 Þ, ðY; r 1 ; r 2 Þ and (Z; m 1 ; m 2 ) (or briefly X, Y and Z) denote bitopological spaces on which no separation axioms are assumed unless otherwise mentioned. For a subset A of X, we shall denote the closure of A and the interior of A with respect to s i (or r i Þ by i-cl(A) and i-int(A) respectively for i = 1, 2. Also i, j = 1, 2 and i " j.
A subset A is said to be ij-semi-open [1] , if there exists a s i -open set U of X such that U Ì A Ì j-cl(U), or equivalently if A Ì j-cl(i-int(A)). The complement of an ij-semi-open set is said to be ij-semi-closed. An ij-semi-interior [1] of A, denoted by ij-sint(A), is the union of all ij-semi-open sets contained in A. The intersection of all ij-semi-closed sets containing A is called the ij-semi-closure [1] 
of A and denoted by ij-scl(A).
A subset A of X is said to be ij-semi-regular [7] if it is both jisemi-open and ij-semi-closed in X. The family of all ij-semiopen (resp. ij-semi-closed, ij-semi-regular) sets of X is denoted by ij-SO(X) (resp. ij-SC(X), ij-SR(X)) and for x 2 X, the family of all ij-semi-open sets containing x is denoted by ij-SO(X, x).
A point x 2 X is said to be ij-semi h-adherent point of A [2] if ji-scl(U) \ A -/ for every ij-semi-open set U containing x. The set of all ij-semi h-adherent points of A is called the ij-semi h-closure of A and denoted by ij-scl h (A). A subset A is called ijsemi h-closed if ij-scl h ðAÞ ¼ A. The set fx 2 X n ji-sclðUÞ & A, for some U is ij-semi-open} is called the ij-semi h-interior of A and is denoted by ij-sint h ðAÞ.
Now, we mention the flowing definitions and results: Definition 1.1. A bitopological space ðX; s 1 ; s 2 Þ is said to be:
(i) Pairwise semi-T 0 [8] (briefly P-semi T 0 ) if for each distinct points x, y 2 X, there exists either an ij-semi-open set containing x but not y or a ji-semi-open set containing y but not x.
(ii) Pairwise semi-T 1 [8] (briefly P-semi T 1 ) if for every two distinct points x and y in X, there exists an ij-semi-open set U containing x but not y and a ji-semi-open set V containing y but not x.
(iii) Pairwise semi-T 2 [6] (briefly P-semi T 2 ) if for every two distinct points x and y in X, there exists either U 2 ij-SO(X, x) and V 2 ji-SO(X, y) such that U \ V = /.
Definition 1.2. [7]
A bitopological space ðX; s 1 ; s 2 Þ is said to be ij-semi-regular (resp. ij-s-regular) if for each ij-semi-closed (resp. s i -closed) set F and each point x R F, there exists an ij-semi-open set U and a ji-semi-open set V such that x 2 U, F Ì V and U \ V = /.
Lemma 1.3. [8]
For every subset A of a space X, we have the following:
(i) X n ij-sclðAÞ ¼ ij-sintðX n AÞ.
(ii) X n ij-sintðAÞ ¼ ij-sclðX n AÞ.
Lemma 1.4. [7]
Let A be a subset of a space X. Then we have: s i -open) set G and each point x 2 G, there exists an ij-semi-open set U such that x 2 U, F Ì V and ji-scl(U) Ì G. Lemma 1.8. [7] A bitopological space ðX; s 1 ; s 2 Þ is ij-s-closed if and only if for every cover of X by ji-semi-regular sets has a finite subcover. Lemma 1.9. [9] (i) Every ji-semi h-closed set is ij-h-sg-closed.
(ii) A bitopological space ðX ; s 1 ; s 2 Þ is an P-semi T 1=2 -space if and only if every ij-h-sg-closed set is ij-semi-closed. Definition 1.10.
[9] A function f : ðX; s 1 ; s 2 Þ ! ðY; r 1 ; r 2 Þ is called:
2. Characterization of pairwise quasi-irresolute functions.
Definition 2.1. [7] A function f : ðX; s 1 ; s 2 Þ ! ðY; r 1 ; r 2 Þ is said to be ij-quasi-irresolute if for each x 2 X and each V 2 ij-SO(Y, f(x)), there exists U 2 ij-SO(X, x) such that fðUÞ & jiscl(V). If f is 12-quasi-irresolute and 21-quasi-irresolute, then f is called pairwise quasi-irresolute. Definition 2.2. A function f : ðX; s 1 ; s 2 Þ ! ðY; r 1 ; r 2 Þ is said to be ij-irresolute [11] (resp. ij-semi-continuous 
. By (v), we observe that U 2 ij-SO(X) and f(U) Ì ji-scl (V). The proof is complete. h
The next theorem contains an unexpected result.
Theorem 2.4. The following statements are equivalent for a function f : X ! Y:
The following Theorem offers several characterizations of ij-quasi-irresolute functions.
Theorem 2.5. The following statements are equivalent for a function f : X ! Y:
Proof. By making use of Theorem 2.4, we can prove this Theorem in the similar way to the proof of Theorem 2.3. h Theorem 2.6. Let f : ðX; s 1 ; s 2 Þ ! ðY; r 1 ; r 2 Þ be ij-h-sg-irresolute. If (X,s 1 ,s 2 ) is pairwise semi T 1=2 , then f is ji-quasi-irresolute
À1 ðvÞ is ijsemi-closed. This shows that f is ij-quasi-irresolute, by Theorem 2.3. h Theorem 2.7. If f : ðX; s 1 ; s 2 Þ ! ðY; r 1 ; r 2 Þ is an ij-quasiirresoulte and Y is ij-semi-regular, then f is ij-irresolute.
. This shows that f is ij-irresolute. h Theorem 2.8. If f : ðX; s 1 ; s 2 Þ ! ðY; r 1 ; r 2 Þ is an ij-quasi-irresolute and Y is ij-semi-regular, then f is ij-semi-continuous.
Proof. Similar to that of Theorem 2.7. h Lemma 2.9. Let f : X ! Y and g : X ! X Â Y the graph function of f where gðxÞ ¼ ðx; fðxÞÞ for each x 2 X. If g is ij-quasiirresolute, then f is ij-quasi-irresolute.
The converse of Lemma 2.9, is not true as the next example shows.
Example 2.10. Let X ¼ fa; b; cg, s 1 ¼ f/; fag; fbg; fa; bg; Xg and s 2 ¼ f/; fbg; fa; bg; Xg. Define a function f : ðX; s 1 ; s 2 Þ ! ðX; s 1 ; s 2 Þ by setting fðaÞ ¼ b, fðbÞ ¼ a and fðcÞ ¼ c. Then f is 12-irresolute and hence 12-quasi-irresolute but g is not 12-quasiirresolute. It is apparent that 12-SOðXÞ ¼ f/; fag; fbg; fa; bg; fb; cg; fa; cg; Xg. We prove that g is not 12-quasi-irresolute at c. Now, put V ¼ fða; aÞ; ða; cÞ; ðc; cÞg. Then V is 12-semi-open in X · X, gðcÞ ¼ ðc; fðcÞÞ ¼ ðc; cÞ 2 V and V = 21-scl(V). Since 12-SOðcÞ ¼ ffa; cg; fb; cg; Xg, g(U) 21-scl(V) for every U 2 12-SO(c). Thus show that g not be 12-quasi-irresolute at c. Lemma 2.11. A space X is pairwise semi-T 2 if and only if for each pair distinct of points x,y of X, there exist U 2 ij-SO(X, x) and V 2 ij-SO(X, y) such that ij-scl(U) \ ij-scl(V) = /.
Proof. This follows immediately from Lemma 1.4. h Theorem 2.12. If Y is pairwise semi-T 2 -space and f : ðX; s 1 ; s 2 Þ ! ðY; r 1 ; r 2 Þ is a parwise quasi-irresolute injection, then X is pariwise semi-T 2 .
Proof. Let x 1 ; x 2 2 X and x 1 -x 2 . Then there exists V 1 2 ij-SOðYÞ containing fðx 1 Þ and V 2 2 ij-SOðYÞ containing fðx 2 Þ such that ij-scl(V 1 ) \ ij-scl(V 2 ) = /, from Lemma 2.11. Since f is pairwise quasi-irresolute, there exists U 1 2 ij-SO(X) containing x 1 and U 2 2 ij-SO(X) containing x 2 such that
Since f is ij-pre-semi-closed and by lemma 1.6, there is an ij-semi-open set V such that Proof. Let (x, y) R G(f), then we have y-fðxÞ. Since Y is pariwise semi T 2 , by Lemma 2.11, there exist W 2 ij-SO(Y, f(x)) and V 2 ij-SO(Y, y) such that ij-scl(W) \ ij-scl(V) = /. Since f is ij-quasi-irresolute, by Theorem 2.4, there exists U 2 ji-SO(X, x) such that f(ij-scl(U)) Ì ij-scl(W). Therefore, we have f(ij-scl(U)) \ ji-scl(V) = /. This shows that G(f) is ij-strongly semi h-closed. h Theorem 2.18. If a function f : X ! Y has an ij-strongly semi h-closed graph and g : X ! Y is an ij-quasi-irresolute function, then the set A ¼ fðx 1 ; x 2 Þ 2 X Â X : fðx 1 ÞÞ ¼ gðx 2 Þg is an ij-strongly semi h-closed in X · X.
Proof. Let (x 1 ,x 2 Þ R (X · X)nA. Then we have fðx 1 Þ-gðx 2 Þ and hence ðx 1 ; gðx 2 ÞÞ 2 ðX Â YÞ n GðfÞ. Since G(f) is ij-strongly semi h-closed, there exists U 2 ij-SOðx 1 Þ and W 2 ij-SO(gðx 2 Þ) such that f(ij-scl(U)) \ ji-scl(W) = /. Since g is ij-quasi-irresolute, then implies that there exists V 2 ij-SOðx 2 Þ such that g(ij-scl (V)) Ì ji-scl(W). Consequently, we obtain f(ij-scl (U)) \ g(ij-scl (V)) = / and hence [ij-scl(U) · ji-scl(V) \ A=/. Hence A is ij-strongly semi h-closed in X · X. h Corollary 2.19. If f : X ! Y is an ij-quasi-irresolute function and Y is pairwise semi T 2 , then the set A ¼ fðx 1 ; x 2 Þ 2 XÂ X n fðx 1 Þ ¼ fðx 2 Þg is ij-strongly semi h-closed in X · X.
Proof. This is an immediate consequence of Theorem 2.17 and 2.18. h Definition 2.20. A space X is to be ij-semi-connected [10] if X cannot be expressed as the union of two disjoint non-empty subsets U and V such that U 2 ij-SO(X) and V 2 ji-SO(X).
Theorem 2.21. If f : X ! Y is a P-quasi-irresolute surjection and X is P-semi-connected, then Y is P-semi-connected.
Proof. Suppose that Y is not P-semi-connected. Then Y is the union of two non-empty disjoint V 1 2 ij-SO(Y) and V 2 2 ij-
This shows that X is not P-semi-connected and this is a contradiction. Therefore, Y is P-semi-connected. h 3. Characterization of ij-strongly irresolute functions. 
Þ is ij-strongly irresolute, then f is ij-h-sg-continuous.
The converse of above theorem need not be true the following example show that. (i) If f is ij-strongly irresolute and g is ij-irresolute, then g o f : X ! Z is ij-strongly irresolute.
(ii) If f is ij-quasi-irresolute and g is ij-strongly irresolute, then g o f is ij-strongly irresolute.
Thus gof is ij-strongly irresolute.
(ii) This follows immediately from Theorem 2.5 and 3.2. h Theorem 3.6. An ij-irresolute function f : X ! Y is ij-strongly irresolute if and only if X is ij-semi-regular.
Proof. Let f : X ! X be the identity function. Then f is ij-irresolute and ij-strongly irresolute by hypothesis. For any x 2 X and any F 2 ij-SC(X) not containing x, fðxÞ ¼ x 2 X n F 2 ij-SO(X) and there exists U 2 ij-SO(X) such that f(ijscl(U)) Ì XnF. Therefore, we obtain x 2 U 2 ij-SO(X), F & X n ij-scl(U) 2 ji-SO(X) and U \ (Xnij-scl(U)) = /. This obvious that X is ij-semi-regular. h
Conversely, suppose that f : X ! Y is ij-irresolute and X is ij-semi-regular. For any x 2 X and any
, by Lemma 1.7. Therefore, we have f(ij-scl(U) Ì V. This shows that f is ij-strongly irresolute.
Theorem 3.7. Let f : X ! Y be a function and g : X ! X Â Y the graph function of f. If g is ij-strongly irresolute, then f is ijstrongly irresolute and X is ij-semi-regular.
Proof. First, we show that f is ij-strongly irresolute. Let x 2 X and V 2 ij-SO(f(x)). Then X · V is an ij-semi-open set of X · Y containing g(x). Since g is ij-strongly irresolute, there exists U 2 ij-SO(X) such that g(ij-scl(U)) Ì X · V. Therefore, we obtain f(ij-scl(U)
Remark 3.8. The converse to Theorem 3.7, is not true because in Example 2.10, f is 12-strongly irresolute and X is 12-semiregular but g is not 12-strongly irresolute.
Theorem 3.9. If f : X ! Y is a P-strongly irresolute injection and Y is P-semi T 0 , then X is P-semi T 2 .
Proof. Let x and y be any pair of distinct points of X. Since f is injective it follows that fðxÞ-fðyÞ. Since Y is P-semi T 0 , there exists V 2 ij-SO(f(x)) not containing f(y) or W 2 ji-SO(f(y)) not containing f(x). If it holds that f(y) R V 2 ij-SO(f(x)) and since f is P-strongly irresolute then there exists U 2 ij-SO(X) such that f(ji-scl(U)) Ì V. Therefore, we obtain f(y) R f(ji-scl(U)) and hence y 2 X n ji-scl(U) 2 ji-SO(X). If the other case holds, then we obtain the similar result. Therefore, X is P-semi T 2 . h 4. ij-Semi-compact and ij-s-closed spaces. (ii) A space X is said to be ij-semi-compact [5] (resp. ij-sclosed [7] ) if X is ij-semi-compact relative to X (resp. ij-sclosed relative to X). (iii) A subset A is called ij-semi-compact if the subspace A is ij-semi-compact. Remark 5.2. ij-strongly irresolute implies ij-irresolute and ijirresolute implies ij-quasi-irresolute. However, ij-strongly irresolute and i-continuous are independent of each other as the following two examples show. Example 5.3. Let X ¼ Y ¼ fa; b; cg, s 1 ¼ f/; fag; fbg; fa; bg; Xg, s 2 ¼ f/; fag; fcg; fa; cg; fb; cg; Xg, r 1 ¼ f/; fag; fb; cg; Yg and r 2 ¼ f/; fbg; fb; cg; Yg. Then the identity function f : ðX; s 1 ; s 2 Þ ! ðY; r 1 ; r 2 Þ is 12-strongly irresolute but not 1-continuous.
Example 5.4. Let X ¼ Y ¼ fa; b; cg, s 1 ¼ f/; fbg; fa; bg;fb; cg; Xg, s 2 ¼ f/; fag; fa; cg; Xg, r 1 ¼ f/; fag; fb; cg; Yg and r 2 ¼ f/; fag; fcg; fa; cg; Yg. Then the function f : ðX; s 1 ; s 2 Þ ! ðY; r 1 ; r 2 Þ defined by fðaÞ ¼ fðbÞ ¼ b and fðcÞ ¼ c. It is evident that f is 1-continuous. Since b 2 fðUÞ and 12-SOðaÞ ¼ ffa; bg; Xg, then for each U 2 12-SO(a), we have fðUÞa ¼ 21-scl(a) for every U 2 12-SO(a). This shows that f is not 12-quasi-irresolute.
Theorem 5.5. An ij-irresoluteness implies both ij-quasi-irresolute and ij-semi-continuous. Example 5.6. Let X ¼ fa; b; cg, s 1 ¼ f/; fa; bg; Xg, s 2 ¼ f/; fa; cg; Xg, r 1 ¼ f/; fb; cg; Xg and r 2 ¼ f/; Xg. Then the identity function f : ðX; s 1 ; s 2 Þ ! ðX; r 1 ; r 2 Þ is 12-quasi-irresolute. However, f is not 12-semi-continuous and hence not 12-irresolute.
Theorem 5.7. An ij-quasi-irresolute implies ij-semi-weak continuity.
Proof. It follows from definition. h
The converse of the above theorem is not true, since in Example 5.4, f is 12-semi-weakly continuous but not 12-quasi-irresolute.
Remark 5.8. Every ij-semi-continuous function is ij-semiweakly continuous but the converse is not true, the following example shows that.
Example 5.9. Let X ¼ fa; bg, s 1 ¼ f/; fag; Xg, s 2 ¼ f/; Xg, r 1 ¼ f/; fbg; Xg and r 2 ¼ f/; fag; fbg; Xg. Then the identity function f : ðX; s 1 ; s 2 Þ ! ðX; r 1 ; r 2 Þ is 12-semi-weakly continuous but not 12-semi-continuous.
Remark 5.10. Every ij-strongly irresolute function is ij-irresolute. The converse need not be true, the following example shows that.
Example 5.11. Let X ¼ fa; b; cg, s 1 ¼ f/; fa; bg; Xg, s 2 ¼ f/; fbg; fa; bg; Xg, r 1 ¼ f/; fb; cg; Xg and r 2 ¼ f/; Xg. Then the function f : ðX; s 1 ; s 2 Þ ! ðX; r 1 ; r 2 Þ defined by fðaÞ ¼ c, fðbÞ ¼ b and fðcÞ ¼ a. Then f is 12-irresolute but f is not 12-strongly irresolute, since {b, c} 2 12-SO(X) and 12-SO(X) = {/, {a, b}, X} such that 21-scl({a, b}) = X. Thus fðXÞfb; cg and hence f is not 12-strongly irresolute. 
